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We formulate an algorithm to lower bound the fidelity between quantum many-body states only from partial
information, such as the one accessible by few-body observables. Our method is especially tailored to permuta-
tionally invariant states, but it gives nontrivial results in all situations where this symmetry is even partial. This
property makes it particularly useful for experiments with atomic ensembles, where relevant many-body states
can be certified from collective measurements. As an example, we show that a ξ2 ≈ −6 dB spin squeezed state
of N = 100 particles can be certified with a fidelity up to F = 0.999, only from the measurement of its polar-
ization and of its squeezed quadrature. Moreover, we show how to quantitatively account for both measurement
noise and partial symmetry in the states, which makes our method useful in realistic experimental situations.
I. INTRODUCTION
Quantum mechanics describes physical states with a fi-
nite number of degrees of freedom through density matrices.
These are positive semidefinite, normalized operators acting
on the Hilbert space associated to the system. The question of
how “close” two quantum states are arises naturally in mul-
tiple situations, and the natural answer is given by the Bures
[1] (or Helstrom [2]) metric, according to which the distance
D between two density matrices is given by D(ρ1, ρ2)2 :=
2
(
1−√F (ρ1, ρ2)), where F (ρ1, ρ2) is the fidelity function
[3] defined as
F (ρ1, ρ2) := Tr
[√√
ρ1ρ2
√
ρ1
]2
. (1)
While the fidelity Eq. (1) is not a metric by itself, it con-
stitutes nevertheless a notion of how close two quantum states
are. For this reason, it is a key pillar of a vast number of results
in quantum information theory, including entanglement quan-
tification [4] and concentration [5], quantum computation [6]
or quantum estimation for metrology [7].
Note that computing the fidelity Eq. (1) requires the full
knowledge of the density matrices ρ1,2 [8–12]. This consti-
tutes a severe obstacle in experimental situations, where full
state tomography is typically impractical and unreliable, es-
pecially in the many-body regime [13–16].
Here, we present a method to lower bound the fidelity be-
tween two quantum states when only partial information on
few-body marginals is available. Our method is especially tai-
lored to permutationally invariant states, but it gives nontrivial
results even when this symmetry is only partial. The algorithm
we propose is based on a semidefinite program (SdP) that
looks for a density matrix that minimizes the fidelity with re-
spect to the target state, while maintaining compatibility with
the available data, and exploiting additional constraints result-
ing from the quantum marginal problem for symmetric states
[17].
We exemplify the applicability of our results in relevant
many-body systems, and offer a tool to bound the fidelity of
their state that is useful for state characterization [18], entan-
glement quantification [19, 20], estimation of the Fisher in-
formation [21], state tomography [22], and other information-
theoretic tasks.
II. PRELIMINARIES
Consider the task of preparing a target quantum state ρt of
N qudits, not necessarily pure, and let ρe denote the state ac-
tually prepared in the experiment. The natural figure of merit
for this task is Eq. (1) [3]. Suppose however we do not fully
know ρe, but only the expectation value of M observables
Di := Tr[Oiρ
e], with i = 1 . . .M . Can we find out what is
the worst-case fidelity with the target state, that is compatible
with the experimental data?
This question can be formulated as an algorithm, namely
minimizeρ F (ρ, ρt)
such that ρ  0
Tr[ρ] = 1
Tr[Oiρ] = Di ∀1 ≤ i ≤M.
(2)
In words, Eq. (2) looks for a valid density matrix ρ compatible
with the data Di, which minimizes F (ρ, ρt). The result is a
matrix ρ∗ such that F (ρ∗, ρt) ≤ F (ρe, ρt), i.e. giving a lower
bound on the fidelity of ρe.
In the following, we show that Eq. (2) can be casted into
an efficient SdP. We focus on the experimentally relevant case
where ρe is a symmetric state and Oi constitutes a k-order
moment of a collective observable, e.g. Oi = Sk where S
is the total spin operator along a given direction. Then, we
observe the following: (a) The k-body reduced density ma-
trix σ of ρe (k-RDM) suffices to calculate 〈Sk〉, (b) when ρt
is pure, Eq. (1) becomes linear in ρe, namely F (ρe, ρt) =
〈ρe, ρt〉, and in general, the concavity of Eq. (1) guarantees
F (ρe, ρt) ≥ 〈ρe, ρt〉 [3], (c) the compatibility constraints of
a k-RDM with a global symmetric state can be checked effi-
ciently with an SdP [17]. The combination of these properties
allow us to give an efficient formulation of Eq. (2).
Let us emphasize that, given the optimization task in
Eq. (2), it is not a priori clear how many/which observablesOi
are needed in order to obtain a nontrivial bound for the fidelity,
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Figure 1. Fidelity bounds given by SdP (3) for random pure ρt and
their 2-RDM σ. For each N we perform 104 trials and plot the (nor-
malized) histogram of the results as a color scale. One observes that
the 2-RDM of a generic pure ρt rapidly fails to represent it faithfully.
nor even if all of them up to a given order m are sufficient. To
build and intuition towards answering these questions we pro-
ceed in two steps: (i) we ask whether the exact knowledge of
the full m-RDM σ is sufficient to give a nontrivial bound; (ii)
we relax the requirement of knowing the full m-RDM, and
study whether only partial information on it is sufficient.
III. FIDELITY FROM A FULLY CHARACTERIZED
m-RDM
To begin, note that the entries σαβ of a symmetric m-qudit
density matrix σ are indexed by the partitions of the integer
m into d elements, denoted α,β ` m. Furthermore, the m-
RDM σ of a symmetric state ρ can be efficiently computed as
a linear function 〈Aαβ , ρ〉 = σαβ of the coefficients of ρ, where
the matrices Aαβ stem from the partial trace in the symmetric
space [17]. Full characterization of σ means by (a) that M
is sufficiently large so that Oi may form an informationally
complete set of observables on σ. Hence, allowed by (c), we
can formulate the following SdP
minρ 〈ρ, ρt〉
s.t. ρ  0
〈Aαβ , ρ〉 = σαβ ∀α,β ` m,
(3)
which certifies a lower bound on the solution of Eq. (2). In
addition, when (b) holds, both solutions are equal.
In Fig. 1 we use SdP (3) to investigate under which generic
conditions does a 2-RDM σ coming from a pure N -qubit ρt
uniquely determines ρt. To this end, we: (1) Pick a symmet-
ric ρt of a given rank at random; (2) Compute its 2-RDM σ;
(3) use SdP (3) to find a state ρ that minimizes the fidelity
F (ρ, ρt); (4) iterate a large number of times. If the fidelity
is one up to numerical accuracy error, this is an indication
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Figure 2. Fidelity bounds given by SdP (3) for random 10-qubits
states with rank(ρt) = k and their m-RDM σ. For each pixel we
plotted the mean fidelity for 102 trials. Red pixels indicate when the
m-RDM faithfully represent a generic ρt of rank k.
that the global state ρt is uniquely identified by its 2-RDM.
On the other hand, if the fidelity falls significantly below one,
it shows that the 2-RDM is no longer sufficient to faithfully
represent the original state, since a global extension to a sym-
metric state of size N is not unique.
In more generality, one may be interested in lower-
bounding the fidelity of an experimental attempt to prepare
a mixed quantum state ρt from a m-RDM. In Fig. 2 we show
numerical results for random N = 10 qubits density matrices
ρt of rank k, illustrating the average lower bound on the fi-
delity attainable by looking at theirm-RDM. One can observe
a certain correlation between m and k, showing more chances
to have a unique extension for low k even after tracing out a
significant fraction of the particles.
It is worth emphasizing that SdP (3) does not rely on any
approximation to check the compatibility with a RDM, since
the constraints given by Aαβ are exact. Therefore, we also
expect the resulting bound for the fidelity to be always the
highest attainable from the available information.
Let us now focus on an experimentally relevant scenario,
where the aim is to prepare a N -partite pure state (rank(ρt) =
1) and we are limited to measuring Oi = Ski for ki ≤ m
and m small. From our previous results we can conclude that,
unfortunately, for a generic state, the lower bound on the fi-
delity that can be estimated from the m-RDM alone rapidly
tends to zero as N increases. Hence, in the generic case, it
is not always possible to provide non-trivial lower bounds on
the fidelity from RDMs. Nevertheless, this might still be pos-
sible for physically relevant classes of states. Here we focus
on spin squeezed states, an important class which is routinely
prepared in experiments, and used for a variety of applica-
tions ranging from quantum metrology to tests of fundamental
quantum physics [23].
Spin squeezed states (SSS) can be prepared from a x-
3Figure 3. Fidelity bounds given by SdP (3) for N = 100 particles
spin squeezed states ρt and their m-RDM σ. The brown dashed
line is the Wineland squeezing parameter ξ2. For µ & 0.10 the state
becomes significantly non-Gaussian and, therefore, it requires RDMs
of larger m to be faitfully represented.
polarized coherent spin state through the action of the one-axis
twisting Hamiltonian H = ~χS2z [24]. The resulting state is
conveniently parametrized by µ = 2χt, where t is the interac-
tion time. A relevant figure of merit for SSS is the Wineland
spin squeezing parameter ξ2 = minθNVarS2θ/|〈Sx〉|2, where
θ is a direction in the yz-plane [25]. If ξ2 < 1 the state allows
a quantum enhanced interferometric sequence, and entangle-
ment between the particles is witnessed [26, 27]. Note that for
a given N there is an optimal µ minimizing ξ2 (see Fig. 3),
which scales as µopt ∼ 2N−2/3.
In Fig. 3 we use SdP (3) to bound the maximum fidelity that
can be certified from knowing the full m-RDM of a SSS of
N = 100 particles, for different m and µ. We note that, while
the 1-RDM soon fails to give a fidelity > 90%, the 2-RDM
already suffices to obtain F > 90% for µ . 0.14, i.e. for a
parameter range even beyond the optimal squeezing point of
µopt = 0.101. This is due to the fact that within this range
the SSS can be faithfully approximated by a Gaussian distri-
bution, which is fully parameterized by its first and second
moments.
The above reasoning can be extended further, to wider pa-
rameter ranges. In Fig. 3 we also plot the bounds on the fi-
delity that can be achieved from the full 3- and 4-RDM, show-
ing that, as expected, more information allows to obtain higher
bounds. This reflects the fact that since the state departs from
being Gaussian as µ increases, moments of order higher than
second are needed to faithfully describe it.
To summarize, this example shows that a full RDM of rel-
evant classes of states can be sufficient to obtain a nontrivial
lower bound on their fidelity. However, from an experimental
point of view, the full reconstruction of a RDM might still be
a tedious task, as it requires to perform a considerable amount
of measurements. For this reason, but also as a fundamental
question, we ask whether only partial information on a RDM
is still enough to obtain a nontrivial bound for the fidelity.
IV. FIDELITY FROM PARTIAL INFORMATION ON THE
m-RDM
We now address (ii), namely the effect on the fidelity bound
if we impose constraints only on some of them-RDM entries.
Because the problem is now less constrained than the one of
the SdP (3), we expect to obtain a lower bound on the fidelity
that is smaller or equal than before.
Consider a set of data Di = Tr[Oiρe], obtained from mea-
suring on ρe the observables Oi, with i = 1, ...,M . Using
this information, we can derive a lower bound on the fidelity
F (ρe, ρt) from the following relaxation of SdP (3):
minρ 〈ρ, ρt〉
s.t. ρ  0
〈Aαβ , ρ〉 = σαβ ∀α,β ` m
〈Oi, σ〉 = Di ∀1 ≤ i ≤M .
(4)
In addition, SdP (4) allows to find a priori what are the most
effective operators to be measured in order to maximize the
lower bound on the fidelity. Since in practice not all measure-
ments have the same complexity in terms of their experimen-
tal realization, we would first like to know the one of easier
implementation. To this end, we need to formulate a criterion
for “experimental complexity” of a measurement. Clearly be-
ing platform-dependent, defining such a figure of merit is not
straightforward. Nevertheless, to workout a concrete example,
for a large variety of experiments we can say that: requiring
an additional measurement of the same order than the oth-
ers is less demanding than introducing a new measurement of
higher order. The reason behind this statement originates from
the fact that estimating high order moments requires an expo-
nentially larger number of experimental repetitions [28, 29].
Having formulated this criterion, we proceed in finding a list
of operators ordered in increasing levels of complexity.
We illustrate the procedure for collective spin measure-
ments. First, let us remember that by exploiting the sym-
metry of the state, expectation values of the k-moment of
a collective operator can be expressed as a k-body correla-
tor in the m-RDM space (where m ≥ k). Therefore, the
first moment of the collective spin operator along direction
u, Su =
∑
i σ
(i)
u /2, can be written in the m-RDM space as
O1(u) = Nσ
(1)
u /2. Similarly, the second moment S2u can
be written as O2(u) =
(
N1 +N(N − 1)σ(1)u σ(2)u
)
/4, and
so on. Then, after parameterizing the direction u in spheri-
cal coordinates (θ, φ), we run an optimization over SdP (4),
namely:
maxθ,φ minρ 〈ρ, ρt〉
s.t. ρ  0
〈Aαβ , ρ〉 = σαβ ∀α,β ` m
〈O1(θ, φ), σ〉 = 〈S1(θ, φ), ρt〉.
(5)
The result of SdP (5) are the optimal angles (θ∗, φ∗) which
define the first operator of our list, and the optimal fidelity
bound attainable from its measurement. Then, to search for
the next operator in the list we follow our complexity criterion,
4which in this case gives priority to an operator of the same or-
der of S1, but along a different direction. Therefore, we fix as
a constraint in SdP (5) the expectation value of S1(θ∗, φ∗),
and introduce the additional constraint given by measuring
S2(θ, φ) which we again optimize over the two angles. If the
result is a new measurement increasing the bound, we fix it as
a constraint and repeat the same procedure, otherwise we dis-
card the last measurement and add an additional measurement
of higher order. We keep following this strategy until we reach
the highest moments allowed to be measured experimentally.
To illustrate the procedure just presented with a relevant
example, we consider the case of N = 100 qubits in a spin
squeezed state with ξ2 = −5.89 dB (µ = 0.03). The first
optimization (Eq. (5)) gives as optimal measurement opera-
tor Sx, i.e. the polarization of the state, from which we can
obtain a lower bound on the fidelity of at most 0.285. We
note that this is already the best lower bound that can be con-
cluded from the knowledge of the full 1-RDM and, therefore,
additional first moments will not give any improvement (see
Fig. 3, blue line). We proceed by adding one second moment,
and we find that the optimal measurement S2n must be along
the squeezing directionn. This allows to obtain a lower bound
on the fidelity of 0.999, which is close to the bound of 1 (up
to preset numerical precision) that we expect from the knowl-
edge of the full 2-RDM (see Fig. 3, orange line).
To summarize, this example shows that by measuring only
the first and the second moment of a collective observable it
is possible to put a lower bound on the fidelity of a realis-
tic and relevant state that is > 99%. Similarly, we analyzed
also Dicke states, which constitute an other important class
of states, and observe that their 2-RDM is sufficient to attain
unit fidelity. These exceptionally high values are reached in
the ideal situation where expectation values are known pre-
cisely, and if the state is taken to be symmetric. In a practical
situation, however, the measurement of physical observables
will be inevitably affected by noise, and the symmetry of the
state prepared experimentally is not necessarily granted. For
this reason, we now analyze in detail these two limitations,
and show how they can be circumvented to still obtain a non-
trivial lower bound on the fidelity by using our method.
V. EXTENSION TO NOISY DATA
Up to now we have taken as SdP constraints the ideal data
Di = Tr[Oiρ
e]. In all practical situations, however, noise un-
avoidably contaminates measurement results and, if not prop-
erly taken into account, it could result in SdPs that are unfea-
sible. For this reason, we express the actual experimental data
Dei as the sum of the “ideal” result Di and of an error i at-
tributed to noise, namely Dei = Di + i. Then, we modify the
constraints of the SdP (4) to be
〈Oi, σ〉 = Dei − i
−δi ≤i ≤ δi, (6)
where δi quantifies the noise in the measurement of Oi, for
example in units of standard deviations of the corresponding
probability distribution. If available, a further characterization
of the experimental noise can allow for a decrease of δi.
VI. EXTENSION TO PERMUTATIONALLY INVARIANT
STATES
Up to now we derived a lower bound for the fidelity of an
arbitrary state with respect to a fully symmetric target state. To
be more general, we can further extend our work to permuta-
tionally invariant (PI) states, which describe a larger class of
experimentally relevant states. Although every PI state can
be purified to a symmetric state [30], here we show a simple
argument on how our algorithm can be adapted to this more
general case.
Let τ = λρ ⊕ (1 − λ)ρ⊥ the PI state to certify, with a
symmetric (ρ) and a not fully symmetric (ρ⊥) component, and
ΠS the projector onto the symmetric subspace. Then
〈τ, ρt〉 = 〈ΠSτΠS , ρt〉+ 〈(I−ΠS)τ(I−ΠS), ρt〉
= λ〈ρ, ρt〉 . (7)
Therefore, the fidelity 〈ρ, ρt〉 given by our algorithm can sim-
ply be rescaled by the overlap with the symmetric subspace
λ. The latter can also be bounded from collective observ-
ables. As an example, from the relation 〈|~S|2〉 = S(S + 1)
we can extract S, which is S = N/2 if and only if the state
is fully symmetric. Because the worst-case scenario would be
when all ρ⊥ is supported on the spin-(N/2 − 1) sector, this
yields λ ≥ (4〈|~S|2〉−N(N −1))/2N . For further details see
Appendix A. This argument can also be adapted to provide a
lower bound for the fidelity with respect to a PI target state.
VII. BOUNDING QUANTUM INFORMATION
QUANTITIES
Our method has direct application in a number of areas in
quantum information theory, as it can bound other important
quantities of interest that are directly related to the fidelity.
As a first example, the fidelity can be used as a dimensional-
ity (Schmidt number) witness (see Eq. (5) of [18]). Consider
a pure quantum state |Ψ〉 = ∑k√λk|kA, kB〉, here written
in its Schmidt decomposition over a two-mode Fock basis and
with λk in decreasing order. The fidelity provides a lower
bound on the dimensionality of (mode) entanglement since
for every state ρ with Schmidt rank smaller or equal than r,
F (ρ, |Ψ〉〈Ψ|) ≤ λ0 + · · · + λr. Therefore, the Schmidt rank
of ρ can be bounded by optimizing the state |Ψ〉 so that it gives
the highest r.
The fidelity can also be related to entanglement measures
[20], like the entanglement of formation [19]. In this case one
typically needs to compute the fidelity F (ρ, |Ψ+〉〈Ψ+|) with
respect to a maximally entangled state |Ψ+〉.
Furthermore, the quantum Fisher information FQ, which is
a key quantity in quantum metrology, can be bounded from
the relation |FQ(ρ) − FQ(σ)| ≤ ζ
√
1− F (ρ, σ)N2 , where
ζ = 8 for general quantum states, or ζ = 6 if one of them is
5pure [21]. In addition, the relative entropy (Kullback-Leibler
divergence)D(ρ||σ) = Tr [ρ log2 ρ]−Tr [ρ log2 σ] can also be
lower bounded from the fidelity using the relation D(ρ||σ) ≥
Tr [ρ log2 ρ]− log2 F (ρ, σ) [31].
These ideas could be especially relevant for the detection
and characterization of correlations in experiments with e.g.
integrated optics [32–34] and split Bose-Einstein condensates
[35–37].
VIII. CONCLUSIONS
We presented a method to give a lower bound on the fi-
delity between two quantum states, solely from partial in-
formation. We focused on many-particle systems, and we
showed that few-body marginals are typically enough to pro-
vide non-trivial lower bounds in many cases of interest. Our
approach is based on a semidefinite program, which is re-
lated to the quantum marginal problem for symmetric states
[17]. To give concrete examples, we analyzed the case of
spin squeezed states on which only low-order moments of the
collective spin operator are measured, and we showed that
the achievable fidelity can be close to unity. Similar results
are obtained for other relevant classes of symmetric states we
tested, such as Dicke states. In addition, we presented how
our method can be used to know which are the optimal mea-
surements to be performed in order to maximize the lower
bound on the fidelity while minimizing experimental efforts.
To make our tools experimentally relevant, we have discussed
how to take into account measurement noise into our analy-
sis. Moreover, even if our method is best suited to symmetric
states, we explained how it applies to the wider class of per-
mutationally invariant states. To conclude, we highlighted the
usefulness of the tools we presented by showing that they can
bound a number of other quantum information quantities. As
an outlook, we mention that our results could also find appli-
cation in enhanced tomography techniques [22, 29], such as
shadow tomography [38] (see also [39]).
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Appendix A: Bounding the state symmetry
In this section we are interested in deriving a bound for the
overlap of a state with the fully symmetric subspace. Apart
form allowing to bound the fidelity in a wider class of states,
this approach can be applied to estimate the symmetry of an
experimentally prepared multipartite quantum state from col-
lective measurements.
Let us consider aN -qubit permutationally invariant state τ .
By virtue of the Schur-Weyl duality, there exists a symmetry-
adapted basis such that τ can be written in a block-diagonal
form, namely
τ =
⊕
S
1gS ⊗ τS , (A1)
where the blocks τS , labeled by (positive) S = N/2, N/2 −
1, ..., have dimension (2S + 1) × (2S + 1) and appear with
multiplicity
gS =
(
N
N/2− S
)
−
(
N
N/2− S − 1
)
. (A2)
In order to exploit this block-structure when expressing ex-
pectation values of operators, let us rewrite eq. (A1) as
τ =
∑
S
λS τ˜S , (A3)
where τ˜S is supported on the S-th blocks, and λS are a prob-
ability distribution. It is then natural to decompose the expec-
tation value of an operator O as the sum of expectation values
for each block, namely
Tr[Oτ ] =
∑
S
λSTr[Oτ˜S ] . (A4)
At this point, note that the expectation value 〈O〉τ˜S ≡
Tr[Oτ˜S ] that a collective observables can take on each block
is bounded by a function of S. For instance, the collective
spin along direction u satisfies |〈Su〉τ˜S | ≤ S, its second mo-
ment 〈S2u〉τ˜S ≤ S(S + 1), and so on. Hence, the measure-
ment of a collective operator on τ may already give a non-
trivial lower bound on the overlap of the highest-spin value
S = N/2 block, i.e. the one of fully symmetric states, as we
are now going to show.
Assume that the measurement of Su gives value 〈Su〉 = s.
Then, a bound on the overlap of the state with the symmet-
ric subspace, λN/2, can be obtained from the following linear
program (LP)
minλS λN/2∑
S λSTr[Suτ˜S ] = s∑
S λS = 1
λS ≥ 0
(A5)
Since Tr[Suτ˜S ] ∈ [−S, S], the only possibility to obtain a
value s ∈ (N/2 − 1, N/2) is that λN/2 > 0. Note that it is
actually possible to compute this minimum by defining
M = max
S∈[0,N/2−1]
Tr[Suτ˜S ] . (A6)
6Denoting with x the index for which M is achieved, the con-
vex combination yielding the worst-case fidelity with the sym-
metric subspace is λN/2Tr[Suτ˜N/2] + λxM = s, from which
we obtain
λN/2 =
s− λxM
Tr[Suτ˜N/2]
. (A7)
Therefore, the state τ that minimizes λN/2 is such that it max-
imizes both M and Tr[Suτ˜N/2], so that M = N/2−1 (hence
x = M ) and τ is a mixture between the fully polarized state
along the direction u in the two largest spin blocks, yielding
λN/2 =
s− λN/2−1(N/2− 1)
N/2
. (A8)
Therefore, from λN/2−1 = 1− λN/2, we have
λN/2 =
2s−N + 2
2
. (A9)
Note, however, that if the value of s is smaller or equal than
N/2−1, then λN/2 can be made zero and still satisfy eq. (A5)
by building τ as a mixture between e.g. the (N/2 − 1) block
and any other block yielding an expectation value below s.
Hence, in this case it is not possible to certify the fidelity even
with the symmetric subspace.
A similar argument applies e.g. to the second moment of
the spin operator 〈S2u〉, or to the total spin length 〈|~S|2〉. In
any case, we observe that a nontrivial bound for the overlap
with the fully symmetric subspace arises only if some mea-
sured observable take higher values than the one allowed by
blocks with S ≤ N/2−1. This suggests that demanding mea-
surements (in principle with single particle resolution) are re-
quired to resolve the values in the gap between S = N/2
and S = N/2 − 1, and therefore that concluding the sym-
metry of a multipartite quantum state solely from collective
measurements is a challenging task. Nevertheless, in many
experimentally relevant situations, such as for Bose-Einstein
condensates, the symmetry of the state could be taken as an
additional assumption.
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